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Abstract
Quantum impurity models are the prototypical examples of quantummany-body dynamics which
manifests in their spectral and transport properties. Single channel Anderson(and Kondo model)
leads to the Fermi liquid ground state in the strong coupling regime which corresponds to a stable
infrared fixed point at which the quantum impurity gets completely screened by the conduction
electrons. Quantum impurity models with non-trivial density of states exhibit quantum phase
transition and this quantum criticality lies in the universality class of local quantum critical systems.
In this paper, we report first study of the flow equation renormalization of gapped Kondo model
which has gapped density of states, the gap being at the Fermi level. Flow equation renormalization
group method has proved to be one of the very robust renormalization methods to study Kondo
physics both in equilibrium as well as in non-equilibrium. Here we have shown that this method can
also be employed to study local quantum criticality. We have calculated the flow equations for the
Kondo coupling and solved them for various values of the gap parameter and we find that there
is suppression of Kondo divergence as gap is increased which signifies that as gap is increased,
renormalization flow goes away from the strong coupling fixed point. We have also calculated
the spin susceptibility and we find that as gap is increased, susceptibility goes over to the Curie
behaviour and hence confirming the renormalization flow towards the local moment fixed point.
1. INTRODUCTION
Quantum impurity models have played a crucial role in the understanding of the strongly
correlated electron systems. They have also led to the development of many non-perturbative
methods which especially include numerical renormalization group method which was de-
veloped by Wilson for solving the “Kondo problem” and was later on applied to study the
Anderson impurity model as well. Kondo model is the simplest model which leads to the
non-perturbative Kondo physics in which quantum many-body Kondo singlet is formed due
to the antiferromagnetic interaction between magnetic impurity and conduction electrons.
Kondo singlet formation takes place below Kondo temperature which is the universal scale
which distinguishes between strong coupling and weak coupling regimes of the model. One
of the important features of Kondo physics is that Kondo scale gets dynamically generated
due to the strong correlation induced renormalization of the bare parameters. In the strong
coupling regime of the Kondo model, there is quenching of the magnetic moment and hence
the ground state of the model is local Fermi liquid. However, multichannel generalization
of Kondo model leads to the non-Fermi liquid ground states. Recently there has been lot
of interest in quantum criticality in quantum impurity models and this quantum criticality
has been called local quantum criticality. Local quantum criticality can not be understood
within the Landau-Wilson paradigm of the phase transitions. One of the important aspects
of local quantum criticality is that it can be realized in quantum dots.
Though the Kondo model leads to Fermi liquid ground state it was found in1 that Kondo
model with a pseudo-gap in the density of states can exhibit quantum phase transition with
gap being the tuning parameter. Pseudo-gap model has been extensively studied based
on numerical renormalization group methods as well as other perturbative renormalization
group methods. In this paper we study gapped Kondo model which has a gap in the density
of states at the Fermi level. This gapped Kondo model can be obtained as an effective
Hamiltonian from gapped Anderson impurity model using Schrieffer-Wolff transformation.
This model has been studied before using poor man scaling method, 1
N
expansion method,
numerical renormalization group method and more recently local moment method has also
been applied to study this model2–9. We have applied flow equation renormalization method
to study this model. Flow equation method allows us not only to calculate the flow equa-
tions for the Kondo coupling but also gives access to the dynamic quantities like dynamic
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spin susceptibility for Kondo model. For the gapped Kondo model,we have not only calcu-
lated the flow equations which have been solved numerically, but we have also calculated
the dynamic quantities like spin susceptibility. The rest of the paper is organized as fol-
lows: In next section we have given the description of the model and the renormalization
method which we have employed. In section 3 we calculate the flow equations and solve
them numerically for various values of the gap parameter. In the next section 4 we have
calculated the renormalization flow of the spin operator which gives us access to the dynam-
ical spin susceptibility from which other static quantities can be readily calculated. Finally
we summarize and discuss our results in the conclusion section.
2. MODEL AND METHODS
In this section we will carry out flow equation renormalization of gapped Kondo model.
We write gapped Kondo model as:
H(l) = H0 +Hint(l) (1)
where
H0 =
∑
t,α
ǫtc
†
tαctα (2)
Hint(l) =
∑
t′t
Jt′t(l) : S.st′t : (3)
Here t and t’ are general indices which in this case represent momenta. One should note
that normal ordering prescription which is used for quantum many-body systems has been
incorporated. The conduction electron spin desnity is given by:
st′t =
∑
α,β
c†t′α
σαβ
2
ctβ (4)
First we calculate the generator for flow equations of Kondo model.
η1(l) = [H0, Hint(l)] (5)
η1(l) =
∑
t′t
η1t′t(: S.st′t :) (6)
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where η1t′t(l) = (ǫt′ − ǫt)Jt′t(l). The commutator of generator with the diagonal part of the
Hamiltonian is
[η1(l), H0] = −
∑
t′t
(ǫt′ − ǫt)
2Jt′t(l) : S.st′t : (7)
Evaluating the commutator of the generator with the Kondo interaction taking normal
ordering of the fermionic operators into consideration, we obtain the flow equations for the
gapped Kondo model. The flow equations for Kondo coupling till first loop is:
dJt′t
dl
= −(ǫt′ − ǫt)
2Jt′t+
∑
v
(ǫt′ + ǫt − 2ǫv)Jt′vJvt(n(v)− 1/2) (8)
Unlike poor man scaling where Kondo coupling is momentum independent and hence there
is only one scaling equation for isotropic Kondo model, the flow equation given above is
actually a system of equations corresponding to different momenta. The set of equations
in non-linear and coupled. Hence analytical solution is not possible except in some special
cases.
2.1. Numerical Solution of Flow equations of Gapped Kondo Model
Flow equations are coupled non-linear differential equations. They generally can not
be solved analytically except in some special limits e.g. in the infrared limit when the
momentum of the coupling constants is restricted to be close to Fermi level. In this case,
flow equations reproduce the results of the conventional scaling methods like poor man
scaling. Flow equations can be solved by numerical methods like as Runga-Kutta methods.
The number of flow equations to be solved scales as O(N2) where N is the number of
energy states of the conduction band in case of Kondo model. Since flow equations are
renormalization flows and hence they meet many different energy scales during the unitary
flow and hence become stiff also. In this section, we solve the flow equations of Kondo model
numerically. We have used DOPRI5 Fortran subroutine as the solver. DOPRI5 is based
on fifth order Runga-Kutta method. In the infrared limit, flow equations recover poor man
scaling equation of Kondo model. Kondo coupling grows logarithmically and finally diverges
at Kondo scale. Numerical solution of flow equations gives access to all the Kondo couplings
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FIG. 1. Kondo coupling has been plotted versus flow parameter for increasing values of gap.
for different momenta. However to see the divergence of the Kondo coupling we did infrared
parametrization numerically by restricting momenta to Fermi level(ǫk = 0 = ǫk′). In the
isotropic Kondo model we find that Kondo coupling diverges and we have found that in
the numerical solution of the flow equations for the isotropic Kondo model. However, in
presence of the gap, Kondo divergence gets cut-off as has been shown in Figure 1. As the
gap in increased, the flow of Kondo coupling gets flatter and saturates at some finite value,
which signifies that the fixed point is not Kondo fixed point.
3. FLOW OF THE SPIN OPERATOR
In this section we will calculate the flow equation for Kondo impurity spin operator
and then calculate the dynamic spin susceptibility from the numerical solution of the flow
equations.
dSa(l)
dl
= [ηl, S
a(l)] (9)
We will use the one loop generator, given in equation 6 to evaluate the above commutator.
We use the following ansatz for spin operator:
Sa(l) = h(l)Sa + i
∑
u′u
γu′u(l) : (S × su′u)
a : (10)
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The flow equations for the coefficients are
dh
dl
=
∑
t′t
(ǫt′ − ǫt)Jt′tγtt′n(t
′)(1− n(t)) (11)
dγt′t
dl
= h(ǫt′ − ǫt)Jt′t
−
1
4
∑
u
((ǫu′ − ǫu)Jt′uγt′u)(1− 2n(u))) (12)
Using the above formalism we can calculate spin-spin correlation function.
C(t) =
1
2
〈Sz(0), Sz(t)〉 (13)
Spin-spin correlation function as function of the frequency is given as:
C(ω) = −
π
Z(β)
∑
n
e−βEn
∑
tt′
∑
uu′
γtt′(l →∞)γu′u(l →∞)
× 〈n| : (S × st′t)
z :: (S × su′u)
z : |n〉
× (δ(ω − ǫu′ + ǫu) + δ(ω + ǫu′ − ǫu)) (14)
C(ω) =
π
4
∑
u
γ2ǫu+ω,ǫu(l →∞)× (n(ǫu)(1− n(ǫu + ω)(1− n(ǫu) (15)
The quantity which we are interested in and which we have calculated is imaginary part
of the dynamic spin susceptibility χ(ω). Fluctuation-dissipation theorm relates χ(ω) to the
spin-spin correlation function C(ω) calculated above.
χ(ω) = tanh
( ω
2T
)
C(ω) (16)
Dynamic spin susceptibility is plotted in Figure 2 for various values of the gap parameter.
One important difference with respect to isotropic Kondo model is that spin susceptibility
is until some value of the frequency which is related to the value of the gap. In contrast
for the isotropic Kondo model, zero frequency spin susceptibility shows the linear behaviour
as expected from Korringa relations. We also see in Figure 2 that as gap is increased, spin
susceptibility is increased.
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FIG. 2. Spin susceptibility of Gapped Kondo model is plotted as function of frequency for various
values of gap parameter.
One another important quantity for the Kondo model is the static spin susceptibility
which is related to the inverse Kondo temperature. Static spin susceptibility can be readily
calculated from the dynamic susceptibility by integration. We have calculated static spin
susceptibility for gapped Kondo model as function of temperature for various values of the
gap parameter as shown in Figure 3. Our results are in agreement with earlier results based
on numerical renormalization group5 and quantum monte carlo calculations2.
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FIG. 3. Static spin susceptibility of Gapped Kondo model is plotted as function of temperature
for various values of gap.
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4. CONCLUSION
In this paper we have applied flow equation renormalization method to gapped Kondo
model to explore the quantum phase transition in this model. This model has a gap in
the density of conduction electrons at the Fermi level. Gap is the tuning parameter which
is used to go from metallic ground state at the strong coupling fixed point to the local
moment ground state. We have calculated the flow equations for the model which have been
solved numerically. We find that as we increase the gap, Kondo divergence gets cut off and
hence the systems flows away from the strong coupling fixed point. To confirm that the
flow is towards the local moment fixed point we have calculated the static susceptibility and
we find that at high temperature susceptibility shows local moment behaviour. We have
also calculated dynamic spin susceptibility and we find that as the gap is increased, spin
susceptibility gets enhanced. Our results are in agreement with earlier calculations based
on numerical renormalization group method and quantum monte carlo simulations. Ours is
the first study where flow equation renormalization group method has been used to study
the quantum phase transition in gapped Kondo model. We not only have explored the
new aspects of the quantum criticality by calculating the dynamic quantities but our study
also shows that flow equation method can be employed to study the quantum criticality in
impurity models.
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